We study the collective behavior of Majorana modes in the vortex state of chiral p-wave superconductors. Away from the isolated vortex limit, the zero-energy Majorana states communicate with each other on a vortex lattice, and form a coherent band structure with non-trivial topological character. We revealed that the topological nature of Majorana bands changes sensitively via quantum phase transitions in the two-dimensional (2D) systems, as sweeping magnetic field or Fermi energy. Through the dimensional reduction, we showed the existence of generic superconducting Weyl phase in a low magnetic field region of quasi-2D-chiral superconductors.
We study the collective behavior of Majorana modes in the vortex state of chiral p-wave superconductors. Away from the isolated vortex limit, the zero-energy Majorana states communicate with each other on a vortex lattice, and form a coherent band structure with non-trivial topological character. We revealed that the topological nature of Majorana bands changes sensitively via quantum phase transitions in the two-dimensional (2D) systems, as sweeping magnetic field or Fermi energy. Through the dimensional reduction, we showed the existence of generic superconducting Weyl phase in a low magnetic field region of quasi-2D-chiral superconductors. Topological superconductivity is one of the central topics in modern condensed matter physics. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . A fascinating feature of topological superconductivity is the fully gapped bulk spectrum accompanied by topologically protected gapless boundary states. As a prototypical example, a zero-energy Majorana state appears in an isolated vortex core of spinless chiral p-wave superconductors [1, 2, 17] .
While the existence of stable zero-energy Majorana mode is striking in itself, however, its non-trivial statistical properties, as a non-Abelian anyon, show up only in multi-particle systems. For example, the manipulation of qubits for topological quantum computation requires an entanglement of two or a larger number of particles. In this light, it is desirable to elucidate the collective behavior of Majorana modes.
The interaction between Majorana modes, however, introduces a new problem. Namely, the zero-energy property may not be protected in the presence of other particles. In fact, this problem has been examined by several groups [18] [19] [20] [21] [22] [23] [24] in chiral superconductors. They focus on the effect of inter-vortex tunnelings, and show that it tends to perturb the Majorana modes off the zero energy. This fragility of zero-energy state may be disappointing in terms of the application to e.g. topological quantum computation, however, the relevance of interaction implies a possibility of novel cooperative phenomena inherent in Majorana many-body systems.
In this work, we focus on the coherent band formation in the vortex state of chiral superconductors. In this context, Majorana modes in each vortex cores play a role of atomic orbitals in the band formation in a crystal solid. In this light, these Majorana modes have several fascinating properties absent in normal solids. Firstly, the fundamental degrees of freedom obey Majorana, rather than Fermi, commutation relations. This makes difference in the symmetry classification of resultant band structure. Secondly, the (magnetic) unit cell contains two vortices, since each superconducting vortex carries flux π. Accordingly, the theoretical description of Majorana bands needs doubly enlarged magnetic unit cell with a coupling to gauge field, which results in a fertile possibility of metal-insulator transition with topologically non-trivial character. And thirdly, the band parameters are easily tuned by magnetic field and electron density. As we discuss later, these features lead to the existence of successive quantum phase transition in two-dimensional (2D) chiral superconductors.
Furthermore, this ubiquity of quantum phase transitions in 2D systems is connected to a topological property in higher-dimensional systems. Topological phenomena in different dimensions are sometimes closely related with each other. Through the idea of dimensional reduction, we show the existence of generic superconducting Weyl phase in quasi-2D chiral superconductors.
In order to explore the topological aspect of chiral pwave superconductors in the vortex state, we start with the attractive extended Hubbard model on square and layered square lattices, whose Hamiltonian is given by (BdG) equation:
with H ij = δ t i,j δ i+δ,j − µδ i,j . Here, we define the order parameter: ∆ ij = V ij c j c i , with · · · , a thermal average at the temperature, T = 0.001t.
We assume that superconducting vortices form a square lattice. Since each vortex carries a flux π, a magnetic unit cell must contain two vortices. Accordingly, we set the magnetic unit cell of dimension: N x × N y = N × 2N , corresponding to a magnetic field H = φ 0 /N 2 . We Fourier transform the BdG equation (2), with magnetic
by imposing a boundary condition on the Fourier components of u ν (i) and u ν (i), to fit with the non-periodic spatial variation of A(r).
As to the interaction, we assume nearest-neighbor attraction: V ij = −V p δ δ i+δ,j , which selects the chiral p-wave superconducting state, among the five irreducible representations in the point group D 4h [25] , We also consider the on-site attractive interaction: V ij = −V s δ i,j , for the s-wave state as a reference.
We take t = 1 as a unit of energy, and we typically choose µ = −2, which yields the electron filling: n ∼ 0. First, we show the spatial profiles of the order parameter. Of the two possible chiral pairings, the p x − ip y state is favored under a magnetic field, whose order parameter Fig. 1 (a) and (b), respectively. The amplitudes of ∆(i) have a small difference between these two fields. Meanwhile, the spatial variation of ∆(i) differs, considerably. Reflecting the smaller inter-vortex distance, ∆(i) is reduced even near the boundary of magnetic unit cell at the higher field, H h .
The difference of spatial variation affects the fermionic energy spectrum of the system, considerably. We plot the energy spectra at H = H l and H h in Fig. 1(c) and (d), respectively. For H = H l , we find low-energy states near the Fermi energy, isolated from the other high energy bands. The low-energy states are composed of nearly degenerate two flat modes, which are separated by a small gap ∼ 0.002. These states are remnants of zero-energy Majorana states in the isolated chiral vortex cores [1, 17] .
While the states are exactly degenerate at Fermi energy at the limit of isolated vortices, however, the intervortex tunneling introduced the slight separation. This tendency becomes conspicuous as increasing magnetic field, where closely-spaced vortices allow larger tunnel- ings. At H = H h , the separation between the two lowenergy bands is clearer [ Fig. 1(d) ], reflecting the larger spatial variation of ∆(i).
To compare the effects of lattice formation with a conventional case, we show the energy spectrum for the swave order parameter at H = H l as a reference, in Fig. 1  (e) . The flatness of the bands imply that there are little communications between vortices in this magnetic field. Nevertheless, there is a clear offset from zero energy in the energy bands closest to the Fermi energy, in sharp contrast to the p x -ip y case [ Fig. 1(c) ].
In fact, as magnetic field varies, the energy gaps develop in a contrastive way between p x -ip y and s-wave superconductors. Figure 1(f) shows the magnetic field dependence of the energy gap E gap , defined as the separation of two band energies closest to the Fermi energy. Overall, E gap decreases (increases) as lowering magnetic field for p x -ip y (s-wave) superconductors. This contrastive behavior can be ascribed to the different energy level structures in the isolated vortex limit. In the s-wave case, there is already a finite gap from Fermi energy at this limit. So, the lattice formation reduces this gap by a band width. In contrast, in the p x -ip y case, the zero-energy states in the isolated vortices acquire finite energies through the band formation.
While the overall tendency of E gap can be understood as above, however, the field dependence of E gap shows non-monotonicity, which cannot be captured in this picture. In particular, in the p x -ip y case, E gap shows oscillation [ Fig. 1(f) ], and sometimes approaches zero, implying a possibility of quantum phase transition. In fact, as shown in Fig. 2(a) , if one sweeps µ, instead of magnetic field, one will find the energy gap closes quite frequently. Moreover, these successive quantum phase transitions have topological character: the total Chern number of filled bands, ν, jumps between 0 and −2, every time the gap closes.
The series of topological quantum phase transitions (TQPT) can be well understood in terms of an effective model. Following the procedure in Ref. [23] , we fit the lowest two bands by an effective Majorana tight-binding model,
where α l is the Majorana operator defined at l-th vortex core, λ lm = ±1 is the Z 2 gauge field, and the summations are taken over pairs of sites (l, m) for nearest-and next-nearest-neighbors in the first and second terms, respectively. As shown in Fig. 2(b) , the low-energy bands are well fitted by the Hamiltonian Eq. (3) at low magnetic fields, by sensitively changing t ′ and t ′′ , as magnetic field or µ. These effective transfer integrals stem from the overlap integrals of localized modes in the nearby vortex cores, and rapidly oscillates as ∼ sin(k F R), with Fermi wave vector, k F , and inter-vortex distance, R.
Moreover, the Hamiltonian (3) explains the TQPT discussed above. The Hamiltonian (3) belongs to the class D [4] , and its topological characters are classified with Chern number, ν M . By varying t ′ and t ′′ , the ν M of lower band changes as ν M = 1 (-1) for t ′′ > 0 (t ′′ < 0), while the gap vanishes between the bands, at the timereversal symmetric point, t ′′ = 0. This change of ν M as t ′′ , combined with the sensitive change of transfer integrals with magnetic field or µ, explains the frequent occurrence of TQPT: the topological transition of Majorana bands controls the change of total Chern number, ν.
Indeed, the TQPT of Majorana bands is a universal feature of 2D chiral superconductors in the vortex state, which is not related to the details of the system, e.g. the high spatial symmetry of square vortex lattice. In fact, for a Bravais lattice with general lattice vectors a 1 and a 2 , the effective tight-binding model of the type (3) can be cast into the Hamiltonian analogous to Qi-Hughes- Zhang (QHZ) type [26] :
2 ) and d 3 = t 1 sin k 1 , where k j = k · a j . Here, we assumed only short-range hoppings, t 1 to t 4 [ Fig. 2(c) ]. If one sets t 1 = t 2 = t ′ and t 3 = t 4 = t ′′ , the result of square lattice Hamitonian is recovered. The QHZ Hamiltonian is the simplest model to describe topological phase transition. Indeed, the Hamiltonian (4) leads to quantum phase transitions occur in the simple conditions: t 1 = 0 or t 2 = 0 or t 3 + t 4 = 0.
The ubiquitous TQPT gives an important implication to the topological nature of 3D chiral superconductors. Topological phenomena in different dimensions can often be related with each other through the dimensional reduction. Here, in order to apply this idea to the vortex state of quasi-2D chiral superconductors, we reconsider the starting Hamiltonian (1) on a layered square lattice, and introduce small hopping t z , in z ( H) direction.
This new setting turns out to make a slight difference in the BdG equation (2) . Firstly, one needs to introduce the momentum in z direction, k z , and impose k z dependence on all the quantities appearing in eq. (2) . Through this change, the important observation is that the k z dependence of H ij can be absorbed into the replacement of µ with its k z -dependent counterpart:
. This is practically the only change due to the weak three-dimensionality, if we assume the k z dependence of ∆ ij is negligible for small t z . This simple correspondence between 2D and quasi-2D formulations enables us to interpret the physics in these two systems in a unified language. In particular, the successive TQPT with sweeping µ in 2D [ Fig. 2(a) ] can now be reinterpreted as successive gap closings along k z axis in momentum space, for the quasi-2D case. In other words, point nodes appear at k z 's, corresponding to the quantum critical µ = µ ′ (k z ). Moreover, Chern number in each k z slice jumps at point nodes. This means that all the point nodes are specified by the topological Weyl charges. Consequently, if t z is large enough to cross the narrowly-spaced quantum critical µ [ Fig. 2(a) ], the system shows Weyl superconductivity [27] [28] [29] [30] [31] . In Fig. 3 we show the phase diagram. The superconducting Weyl phase is realized for t z ∼ 0.01 ∼ 0.1 ≪ t, which is reasonable for quasi-2D system [ Fig. 3(a) ]. In fact, at H/φ 0 = 1.25×10 −3 , the Weyl node appears at k z = 0.415 and the gap closes [ Fig. 3(b) ], while the gap opens in the other momenta [ Fig. 3(c) ].
In conclusion, we have studied the topological aspect of the chiral p-wave superconductors in the vortex state, with the BdG equation combined with a mapping to effective Majorana tight-binding model. In the 2D case, we revealed the existence of ubiquitous topological quantum phase transitions, which can be attributed to only a few universal properties of 2D chiral superconductors, namely, the existence of Majorana modes in isolated vortices, realization of QHZ-type Hamiltonian from the double enlargement of magnetic unit cell due to π-flux-carrying vortices, and sensitive variation of effective transfer integrals in the scale of Fermi wavelength. Through the dimensional reduction, we further showed that a superconducting Weyl phase generically exists in the low-field region of quasi-2D chiral superconductors. These findings are relevant to general chiral superconductors, potentially including Sr 2 RuO 4 , and further exploration of their physical consequences will be awaited. In fact, the transport phenomena associated with the lowfield Weyl phase, and especially its quantum anomaly, will be a fascinating theme of study. Effects of lattice dislocation might also be an interesting issue, which is known to affect the topological nature of the system, and a vortex lattice gives a controllable stage for its study. We would like to leave these problems for future study.
